Discrete light cone quantization of strings at finite temperature is discussed. We find an explicit characterization of the world sheets which contribute to the string path integral for any genus. These worldsheets are shown to be branched covers of a particular torus. Their relationship with instantons in matrix string theory is examined.
The matrix model is a proposal for a concrete dynamical description of M-theory in the infinite momentum frame [1] . It is a supersymmetric Yang-Mills theory with U(N) symmetry where a large N limit should be taken. One possible check of the validity of this conjecture is to use it to recover perturbative string theories, which live at various limits of the moduli space. Most straightforward is the type IIA superstring which is obtained from M-theory by compactifying one dimension, the string coupling constant being proportional to the compactification radius. There are convincing arguments that the spectra of the non-interacting type II string and the appropriate limit of matrix theory are indeed identical [2] . Furthermore, several authors have discussed approaches to deriving superstring interactions from matrix theory. These approaches typically consider some matrix theory instantons which interpolate between initial and final string configurations through a Riemann surface which has the form of a branched cover of the cylinder [2] [3] [4] [5] [6] [7] [8] .
There is a refinement of the matrix model which conjectures that, at finite N, it describes the discrete light-cone quantization (DLCQ) of M-theory [9] . Indeed, it has been shown that, at finite N, the spectrum of the non-interacting DLCQ type II string emerges from the matrix model when the string coupling vanishes [10] .
In this letter we shall develop these ideas further. Understanding how the genus expansion of string theory could arise from matrix strings is an interesting open problem. We take a first step by examining the string path integral to find a geometrical characterization of the world-sheets of DLCQ strings. In the context of a finite temperature compactification of spacetime, we find that to any order in the genus expansion, DLCQ restricts the world sheets which contribute to the path integral to those which are branched covers of a particular torus. We then argue that these branched covers also arise in the finite temperature matrix theory where they are instantons. We prove that the moduli spaces of DLCQ worldsheets and these matrix string instantons are identical, thereby providing strong support for the matrix theory conjecture.
Consider the discrete light-cone quantization of string theory using the path integral. The vacuum energy is given by
(1) Here, we use, for example, the Neveu-Schwarz-Ramond superstring 5 . The string coupling constant is g s and its powers weight the genus, g = 0, 1, . . ., of the string's world-sheet. There is also a sum over spin structures, σ which, with the appropriate weights, imposes the GSO projection. For each value of the genus, g, [dh g ] is an integration measure over all metrics of that genus and is normalized by dividing out the volume of the world-sheet re-parameterization and Weyl groups. We will assume that the metrics of both the world-sheet and the target spacetime have Euclidean signatures.
We wish to study the situation where the target space has particular compact dimensions. Two compactifications will be needed. The first compactifies the lightcone in Minkowski space by making the identification
(t − x 9 )+2πR. In our Euclidean coordinates it is the identification
With this compactification the GSO projection is unmodified. The factor of i in the identification of X 0 might seem unnatural since it identifies a real integration variable periodically in a complex direction. However, we shall see that, for the path integral at genus 1, where we can check the result independently by using operator methods to compute the same partition function, this identification is indeed the correct thing to do. We shall postulate that it also gives the correct DLCQ partition function at genus greater than one.
The second compactification that we shall need is that of Euclidean time,
This compactification, with the appropriate modification of the GSO projection to make space-time fermions anti-periodic, introduces a temperature, T = 1/k B β where k B is Boltzmann's constant, so that (1) computes the thermodynamic free energy. In order to implement this compactification in the path integral, we assume that the world-sheet is a Riemann surface Σ g of genus g whose homology group H 1 (Σ g ) is generated by the closed curves,
Furthermore, one may pick a basis of holomorphic differentials ω i ∈ H 1 (Σ g ) with the properties
where Ω is the period matrix. It is complex, symmetric, Ω ij = Ω ji , and has positive definite imaginary part. Compactification is implemented by including the possible windings of the string worldsheet on the compact dimensions. These form distinct topological sectors in the path integration in (1). In the winding sectors, the bosonic coordinates of the string should have a multi-valued part which changes by β·integer or (i) √ 2R·integer as it is moved along a homology cycle. The derivatives of these coordinates should be singlevalued functions. It is convenient to consider their exterior derivatives which can be expressed as linear combinations of the holomorphic and anti-holomorphic 1-forms and exact parts,
Then, we require
With (5), we use these equations to solve for the constants in (6) . With the formula
we compute the part of the string action which contains the winding integers,
Note that the integers p i and q i appear linearly in a purely imaginary term in the action. Furthermore, since they come from the compactification of the light cone, this is the only place that they will appear in the string path integral (unlike m i and n i which should appear in the weights of the sum over spin structures). When the action is exponentiated and summed over p i and q i , the result will be periodic Dirac delta functions. It can be shown that these delta functions impose a linear constraint on the period matrix of the world-sheet. Thus, with the appropriate Jacobian factor, the net effect is to insert into the path integral measure the following expression,
where ν = 4πα ′ / √ 2βR is a fixed constant. Consequently, the integration over metrics in the string path integral is restricted to those for which the period matrix obeys the constraint
for all combinations of the 4g integers m i , n i , r i , s i such that Ω is in a fundamental domain.
Since the columns of the period matrix are linearly independent vectors, these are g independent complex constraints on the moduli space of Σ g . Thus its complex dimension 3g − 3 is reduced to 2g − 3 and there is further discrete data contained in the integers. One would expect that, when the compactifications are removed, either β → ∞ or R → ∞, the discrete data assembles itself to a "continuum limit" which restores the complex dimension of moduli space.
It is interesting to ask whether the Riemann surfaces with the constraint (12) can be classified in a sensible way. The answer to this question is yes, a Riemann surface obeys the constraint (12) if and only if it is a branched cover of the torus, T 2 , with Teichmüller parameter iν. To show this, we first assume that Σ g is the branched cover of T 2 and prove that the period matrix must obey (12) . The generators of the first homology group of T 2 are two closed loops (α, β) which span the vector space H 1 (T 2 , C). The dual vector space, the first cohomology group,
is spanned by the basis of holomorphic and anti-holomorphic differentials γ andγ. They can be normalized as,
The Riemann surface Σ g is a branched cover of T 2 if there exists a continuous, onto, holomorphic map f , such that
f maps closed loops on Σ g to closed loops on T 2 . In particular, the generators (4) must map as
for some integers m i , n i , r i , s i . This gives a mapping between the vector spaces H 1 (Σ g , C) and H 1 (T 2 , C). A mapping of vector spaces induces a pull-back on the dual vector spaces
defined by its action on the basis,
Consider the particular elements of H 1 (Σ g , C),
It can be checked from the definition of the period matrix (4) (and the fact that it is symmetric) that any holomorphic differential, η, on Σ g has the property
The holomorphic nature of the mapping, f , guarantees that f * (γ) is a holomorphic differential on Σ g . Then it follows that
which is the constraint on the period matrix in eq. (12).
To prove the converse, we must show that if the constraint (12) is satisfied, then a covering map, f , exists. We will demonstrate this by explicit construction. Consider the line integral of a linear combination of the holomorphic differentials on Σ g ,
with P 0 a fixed base-point. We wish to choose the coefficients λ k such that this integral defines a map from points P ∈ Σ g to the torus z(P ) ∈ T 2 whose holomorphic coordinates are the complex numbers z(P ) with the identification z ∼ z + p + iνq where p and q are integers. The integral depends on the path of integration. If the path is changed by a combination of homology cycles of Σ g , k i a i + l i b i , the integral on the right-hand side of (21) changes by
λ k must be chosen so that this change is commensurate with the periods of T 2 . This can easily be done if Ω obeys (12) . Then, with the choice
and we have constructed an explicit covering map, z(P ).
As a concrete example, the constraint (12) can be solved explicitly for genus one. The leading contribution to the free energy of the finite temperature type II superstring (without DLCQ) is from the torus amplitude and is given by [11] where θ k (0, τ ) are Jacobi theta functions and η(τ ) is the Dedekind eta-function. F is the fundamental domain of the torus,
The modification of this formula by DLCQ can be found using (11), (24) where the the solution of (12) yields the discrete Teichmüller parameter, τ = r + iνs m + iνn and one should sum over those integers so that τ is in the fundamental domain, F . In ref. [10] it was shown that this formula can also be obtained by operator methods by finding the spectrum of the non-interacting type II superstring in DLCQ and explicitly computing the thermodynamic free energy by summing over energy states. This provides a strong check of the path integral technique for DLCQ we have used in the present paper.
Modular transformations and identities for theta functions can be used to re-write (24) as the Hecke operator acting on the partition function of a superconformal field theory with torus worldsheet and target space R 8 ,
The factor in front is the ratio of volumes of R 8 and R 9 × S 1 with compactified light cone. The action of H[p] on a function φ(τ,τ ) is defined by
The Hecke operator is well known in number theory [12] . In [10] , this formula was shown to arise in the g s → 0 limit of matrix string theory at finite temperature. In this limit, matrix string theory reduces to a theory of eigenvalues of matrices which naturally live on covers of the torus. Generally, these should be branched covers. In the leading order in g s only the covers without branch points contribute. It was shown that the thermodynamic free energy of the matrix model arising from summing over unbranched covers is identical to (25). The combinatorics of enumerating them is elegantly accounted for by the Hecke operator.
In matrix string theory the limit g s → 0 corresponds to large gauge coupling. This limit projects the theory onto the zeros of the superpotential. These zeros occur when all of the matrices are simultaneously diagonalizable. This is why the matrix model reduces to a theory of eigenvalues [2] . Beyond the leading order in strong coupling, the quadratic fluctuations of off-diagonal parts of the matrices can also be analyzed [5] . It is found that the fluctuation determinants are ultra-local operators and almost cancel due to supersymmetry. Arguments are given that, when carefully treated, the gauge field sector produces the power of the string coupling constant g 2g−2 s
